



































































































































The classification of Finite Groups

Aim Classify all finite groups up to isomorphism

Stepf Show that any finite group G can be

broken down into simple pieces

Steps Classify those simple pieces

stepf Understand how thou simple pieces can Fit together

G Finite group
Definition A composition series for G is a

called a chain ofcollection d subgroups subgroups

e Go ft f Guff Gr G

such that

Y Gi no G i tf i e l r

7 Gif is simple ie has no non trivial

G i l normal subgroups
e g Zip c p prime

m Aug finite group G has a composition

series Must exist as late

Prft Let re 1N be the Largest number such

that there exists a chain

e G GG E GG Gr CT
where Gi o Gi It G is simple then r L

Claim Gigi is simple
















































































































If not then F M O Gigi a non trivial

subgroup ie M Ee Gi B Mt Gila
3rd Isomorphism Theorem Fl H C Gi asubgroup such

that H
fi M

M t Gile H G Gi

M e Gi i Gi i 4 H
M o Gia HO Gi

Gi i d Gi Gi i H

e3 Go Et G E E Gi i GH Ct Gi G G r G

This is a longer chain with desired property
This contradicts the nationality of r Hau

Gig is simple tf i E E l r D
Go G
Il Il 2

Example e q e 1231,432 I mz G

Iq G I 132 t simple because 3 prime

e izz cis 43 A Syms and 1ST Le c g use

Eye Z zz 1 simple because 2 prime
Jordm Hot Let G be a finite

group Suppose we hare 2 composition series for G

e3 G G E f Gr Gr G

e3 Hot H E f Hs F Hs G
Then r s and the list of quotients
GrcGm G

IG and slits H
1H

after reordering aue pairwise isomorphic



Example cog 03,63147 E z G
i 11 it

Go G i Gz
E DEKo3 C'D GREG
11 11 11
Ho H Hz

Gta Gtfo and TH 1H
SS ss Ss u

122,4 Izz 11 Izzat Izzet

Definition If G has composition series

e Go E G E G

we call the quotients G Igo G Taz the

simple components it G

By Jordan Helder the simple components at G are

well defined up to isomorphism
a cop e

Facts

I Zypnz has simple components 24oz 24oz 74oz

y Simple components at Gtx x Gv If Simple components at G i
and

G Abelian 1Gt pf pin has simple compouts

Zip z Bp z Hp c Kpix puZ Mpn2
L L in

WARNING Two non is groups can hone the same

simple components For example Syms 2162 have 7422,7132



Conclusion Finite Group Theory is like Chemistry
Simple Groups Atoms

Finite group with simple Molecule with

components It Hu atoms EA Ar3

Different Finite groups with Different molecules

same simple simple components
with some atoms Isomers

A Av
Hi Hr

e g Syms 2162 e g Silver cyanate
and

silver fulminate

Aim Classify all Finite simple groups up to

isomorphism ie construct the periodic table
of finite groups

Finite Simple Group

T l LL v
21pz.tl Attn Groups of LieType 26 Sporadic
p prime n s can be realized groups
Only Abelian as subgroups These do not
examples and quotients follow aof matrix groups fixed pattern16 infinite Families

Example

2 2 matrices
PSL PK p s

11with 21,02 752121 payentries and
determinant CD center



Subgroups with
More about sporadic groups extremely strong

Mathieu discovered the First Eranschivity properties

Mc C Sym Miz C Sym z Moe C Symzz Mrs CSymzz

Ma C Symzy

The Largest is called the monster group

monster

246 320 St 76 112 133 17 19.23.29 31.41 47.59 71

The monster turns up in strange places For example

Monster Subgroup at Gliasssz a esse
7
22

The monster contains all but 6 sporadic groups as

quotients of subgroups
Monster 6 PariahConway

Groups

Related to
symmetries

groups

at some
XC

11224 c

Not in
unonster

O

Mathieu Groups



How did they prove all this

x 1832 Galois introduces normal subgroups and
finds Attu n s simple

1861 Mathieu finds Mii MR

X

mm

V

1476 Existence A Monster predicted

1985 Proof of complete classification announced

2008 Proof Verified Its over 10,000 pages
V

The combined effort at 10005
mathematicians



What's still to do Chemistry didn't stop with the

periodic table

Open Problem Classify all finite groups with

given simple components


